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Abstract. This work presents the first comprehensive study combining higher-order shear
deformation theory (HSDT), modified strain gradient theory (MSGT), and the isogeomet-
ric approach (IGA) to investigate the size-dependent free vibration behavior of function-
ally graded porous piezoelectric (FGPP) microplates. The microplate is composed of a
piezoelectric material, with porosity distributed across the thickness following three dis-
tinct patterns: symmetric I, symmetric II, and uniform. Hamilton’s principle, combined
with HSDT and MSGT, is employed to derive the governing equations of the piezoelec-
tric microplate. The natural frequencies of the FGPP microplates are obtained by solv-
ing the explicit governing equations using the isogeometric analysis approach. Further-
more, the effects of length scale parameters, porosity distribution patterns, porosity coef-
ficient, external electric voltage, and boundary conditions on the vibrational behavior of
the FGPP microplate are thoroughly investigated. The proposed method offers accurate
size-dependent predictions and provides new reference solutions for the optimal design
of advanced piezoelectric microstructures.

Keywords: piezoelectric microplate, isogeometric approach, modified strain gradient the-
ory, higher-order shear deformation theory, elastic foundation.

1. INTRODUCTION

Classical plate theories often fail to capture the scale effects observed in microstruc-
tures. To address this limitation, various advanced continuum theories, including mod-
ified couple stress theory (MCST) and strain gradient theory (MSGT), have been em-
ployed to enhance the predictive capability of structural models at the microscale. When
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integrated with the constitutive equations of piezoelectric materials, these theories allow
for a more precise analysis of the static, dynamic, and stability responses of microstruc-
tures under mechanical and electrical loading conditions. Lam et al. [1] were the first
to propose the MSGT characterized by three length scale parameters (LSPs) related to
higher-order deformation gradients. Compared to single-parameter gradient theories
such as MCST [2], MSGT offers greater flexibility in modeling size-dependent behav-
ior by separately capturing different microstructural deformation mechanisms. This im-
proved accuracy, however, has the drawback of requiring the identification of three in-
dependent LSPs, which can make experimental calibration more challenging. Zhang et
al. [3] investigated the analytical natural frequencies, deflections, and buckling loads of
functionally graded (FG) microplates placed on a Winkler-Pasternak foundation based
on the refined plate theory (RPT) in conjunction with the MSGT. Kandaz et al. [4] em-
ployed the finite element method (FEM) and Euler-Bernoulli theory (EBT) to analyze the
static behavior of a gold microbeam, applying both MCST and MSGT. Wang et al. [5]
investigated the size effects on the vibration and bending of microplates using the Kirch-
hoff plate theory (KPT) combined with the MSGT. Utilizing the MSGT, Ansari et al. [6,7]
conducted comprehensive analyses of the buckling, bending, and free vibration of FG
microplates. Karamanli et al. [8] presented the free vibration of FGP microbeams using
the MSGT and quasi-3D theory.

As smart materials, piezoelectric materials possess the ability to bidirectionally con-
vert mechanical and electrical energy owing to their intrinsic electromechanical coupling
effect. Owing to this unique property, they have been extensively applied in actuators,
sensors, transducers, and energy harvesting devices. In recent years, their applications
have expanded to microelectromechanical systems (MEMS), biomedical devices, and pre-
cision control systems, where their high sensitivity and rapid response are highly desir-
able. Wu et al. [9] explored the electromechanical response of FGP shells using higher-
order theory. Tanzadeh et al. [10] proposed a finite strip method based on several refined
plate theories to analyze the buckling and vibration of piezoelectric laminated composite
plates. Huang et al. [11] utilized Von Karman’s theory and HSDT to investigate the non-
linear vibrational behavior and dynamic responses of laminated composite plates with
FG and piezoelectric layers in a thermal environment. Furthermore, Yan et al. [12] used
KPT along with surface piezoelectricity to study the buckling and vibration of piezoelec-
tric nanoplates, including surface effects. Their study showed that the residual surface
stress and surface piezoelectricity strongly influence resonant frequencies and buckling
loads, especially in thinner nanoplates. Tadi Beni et al. [13] developed a nonlinear model
for FG piezoelectric nanobeams using EBT, incorporating mid-plane stretching effects.
Ren et al. [14] studied the vibration and buckling of FG piezoelectric nanobeams based
on EBT and the differential quadrature method (DQM). Ebrahimi et al. [15] presented an
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analytical study on the nonlinear vibration of FG circular sandwich plates with piezo-
electric layers under the influence of temperature. Using third-order shear deformation
theory (TSDT) and FEM, Phuc et al. [16] investigated the forced and free vibration of FGP
plates supported by an elastic foundation. Using the DQM, Ahmed et al. [17] studied the
dynamics of an FGPP nanoplate in a thermal environment, applying a nonlocal higher-
order plate theory. Wang et al. [18] investigated the static behavior and vibration of FGP
plates supported by an elastic foundation, utilizing KPT and DQM. In addition, recent
studies have increasingly focused on structures on elastic foundations [19-21].

The IGA was initially developed by Hughes et al. [22], which provides higher-order
continuity and smooth derivatives. This property allows IGA to naturally satisfy the
continuity requirements of formulations such as the Galerkin weak form of the MSGT,
which demands higher-order derivatives. In comparison with meshfree methods, IGA
preserves the exact CAD geometry, enables straightforward implementation of boundary
conditions, and delivers high computational efficiency for problems that require smooth,
higher-order derivatives. Utilizing the MSGT framework, Thai et al. [23] investigated the
buckling, bending, and free vibration behaviors of FG microplates using HSDT. In a rel-
evant study, Thai et al. [24] proposed a computational framework combining the MSGT,
IGA, and RPT to examine FG microplates. Subsequently, Farzam et al. [25] extended this
model to investigate the free vibration characteristics and buckling behavior of FG mi-
croplates, considering temperature-dependent material properties. Building upon these
developments, Hung et al. [26] applied the same framework to examine the free vibra-
tion and mechanical buckling characteristics of metal foam microplates. To the best of the
authors’ knowledge, no research has yet incorporated MSGT, HSDT, and IGA in a uni-
fied framework to explore the free vibration behavior of FGPP microplates. Therefore,
this work proposes a numerical model based on the combined use of IGA, MSGT, and
HSDT to investigate the vibrational response of FGPP microplates. Particular attention is
given to assessing the impacts of geometric parameters, material length scale parameters
(LSPs), porosity distribution patterns, porosity gradient patterns, and external electric
voltage on the natural frequencies of these microplates.

2. THE FUNDAMENTAL EQUATIONS

2.1. The material characteristics

This study examines an FGPP microplate with thickness £, as illustrated in Fig. 1.
The distribution of porosity through the plate thickness is considered uniform and sym-
metric. The corresponding expressions for the material properties, including elastic co-
efficients (c;j), mass density (p), piezoelectric coefficients (e;;), and dielectric coefficients
(kij), associated with these porosity configurations are formulated as follows [17]
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1-1]», and k}]- represent the maximum values of elastic coefficients, mass

density, piezoelectric coefficients, and dielectric coefficients, respectively. The parameters
eo, ey, and {p denote the porosity coefficients associated with the D-I, D-II, and D-III
configurations, respectively, while e, e;,, and {,, are referred to as the mass porosity
coefficients corresponding to these same configurations. The value of ¢y is computed
using the following relation

Here, c}]», pl, e

_ Ey G
eo_l_fl_l a, 0<€0<1, (2)

where Eq, G; and E;, G, denote the largest and smallest values of the elastic and shear
moduli of the microplate, respectively.

The mass density-Young’s modulus relation is taken from Ref. [27] as follows

Substituting Eq. (3) into Eq. (1) yields
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Even with varying porosity, the porous microplates retain the same mass, causing
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According to Eq. (5), the porosity coefficients ej and (y corresponding to the initial
value of ¢ are expressed in Table 1.
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Fig. 1. The FGP piezoelectric microplates with various porosity distributions

Table 1. The values of porosity coefficients assigned to each porosity distribution type

() 38 o

0.1 0.1738 0.9361
0.2 0.3442 0.8716
0.3 0.5103 0.8064
04 0.6708 0.7404
0.5 0.8231 0.6733

0.6 0.9612 0.6047
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2.2. The governing equations
The displacement field of the microplate, based on the higher-order shear deforma-
tion theory, is defined as follows

u=u +zuy+ f (z)us,

{E} {u} {w,x} {ﬁx} "’
where u = ) , up = (4 , W= —Wy ¢, U3 = By ¢
o w 0 0

where u, v, and w represent the displacements of the mid-surface; B, and B, are two

. 4z , , .
rotations; f(z) = z — 32 denotes the shape function; and the notation “,” indicates
differentiation.

The strain tensor can be defined as follows

Sy
where

€x U x W xx ,Bx,x
& = &y , €1 = Oy ; €2 = —§ Wyy , €3 = ,By,y ’
Txy Uy + Uy Zw,xy ,Bx,y + ,By,x (8)
_ Yxz . Bx / _ df (Z)
’Y_{’sz}' SS_{rBy}' fle)= dz -

A mixed cosine and linear variation of the electric potential across the microplate’s
thickness is adopted to ensure compatibility with Maxwell’s equation, given by [28]

@ (x,,2) = 8 (2) 9 (xy) + 7 Vo )

where ® (x,y, z) is the electric potential, ¢ (x,y) denotes the electric potential of the mid-
plane, Vj represents the external electric voltage, and g (z) = — cos (7rz/h) corresponds
to a distribution function.

From Maxwell’s equation, the electric field corresponding to Eq. (9) is expressed as

follows
E, D, g(z) px
E=-Vd or Ey = — q)/y — 8 (Z) Py , (10)
/ 2V
g @e+—

where Ey, E,, and E; represent the electric field components.
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The constitutive relations for the FGPP microplates are described as follows
op | _ | Cw O & | _| Cur O Ey
Os 0 CuS Y 0 Cues Es !
T (11)
Db _ Cueb 0 &Ep + Ceb 0 Eb
D; 0 Cz:es Y 0 G E;s ’

where
Oy 0
oy = U'y s O-S:{:i:xz }I Db: 0 s Dsz{gx}l
Txy yz DZ 4
0 E 211 C12 0
Eb = 0 , Es = { Ex }, Cub = C12 C22 0 ’
E, Y 0 0 ces b
00 ey s 0 e 0 "
Cueb - 00 E31 ’ Cus = |: 85 ~ :| ’ Cues - |: 15 ~ :|
00 0 Caq 0 e
00 O P 0
Ceb = 00 AO , Ces = [ 1 ~ ] ’
0 0 ks 0 k2

where 0y, 0y, Tyy, Txz, and Ty, represent the stress components; Dy, Dy and D, denote the
electric displacements; Eij, kij, and Eij are the reduced elastic, dielectric, and piezoelectric

coefficients, respectively. The expressions for the reduced coefficients EZ-]-, Ei]-, and %i]' are
presented as follows

2 2
c c
- 13 - 13 - - -
C11=¢C1— —, Ci2=C2——, C66=2Ce6, C55=C55, Ca4 = Cy4,
C33 C33 (13)
2
a1 = £3013 G5 = kas = kss + B ky=k
€31 = €31 — ;€15 = €15, 33 = K3z + —, 11 = K11-
C33 C33

The following variational principle characterizes the free vibration of the FGPP mi-
croplate

U — 6K — §W, — §W = 0, (14)

where U denote the strain energy, K represents the kinetic energy, W, and Wy denote the
work done by the external electric voltage and elastic foundation, respectively.

The variation of kinetic energy is presented as follows

5K = — / sa’m,5dQ, (15)
@)
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(16)

Using the MSGT [1], the virtual strain energy associated with the FGPP microplate
is represented as follows

SU = / (5egab + 06970 — SE[ D}, — SEID, + 5x 'm + 67" p +5an)dV- (17)
\%4

Here, {, x, and # denote the dilatation gradient vector, the rotation gradient tensor,
and the deviatoric stretch gradient tensor, respectively, while the associated tensors of
higher-order stress are denoted by m, p, and q.

The definition for tensors x, {, and # can be stated as

Xaxx
X= { 2 }/ Xb = g]; = xw + f(2) xs
XZZ
xo={ X @+ D
yz
Cx /
=90y (=0 +z0+f(2)0+f (2) 04
(2
Nxxx (18)
Myyy
n= { " }’ My = Tyyx 3 — My + 200 + f(2) 113 + 7 (2) g
/B Mxxy
Nzzx
( zzy )
Nzzz
N, = Zxxz = 5 +f/ (z) 1y,
yyz

Mxyz
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where
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(19)

As per the MSGT [1], the correlation between higher-order strain measures and cor-
responding stress tensors is given by

my, = ZVZ%I4X4X;;/ mg = 2}11%12sz5,
p = 2ul515.3, (20)
v = 27/11§I6x6’7br qs = ZVZ§I4x4ﬂs,

where the identity matrices of dimensions 2 x 2,3 x 3,4 x 4, and 6 x 6 are denoted by
Ca4 + C55+ Ce6

3 is Lamé’s coefficient; [1, I, and

Ipy2,I3x3, Lsxs and Igy 6, respectively; yu =
I3 indicate three LSPs. And



10 L. T. Phong, P. T. Hung

Mxx
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Substituting Egs. (11), (18) into Eq. (17), the variation of the strain energy is reformed
by the following expression

U = / 5e] (Duy2y — Dy Ep) dQ + / 5el (Dyses — DyesEs) dO)
@) O

_ / SE] (Do + DyEy) dQ) — / SET (Dpusés + DesEs) dO)
Q O

. ) ) (22)
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Q Q Q
+ / 571 Dep T aenig, d Q) + / 571 D ges T sy, AQY,
Q Q
where
e 0 - Al B R
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£ —9 Py E' B H
h/2
(a"B", D" B F 1) = [ (1,22 (2),2f(2), (£(2))?) Cundlz
—h/2
h/2 h/2
Dus - / (f,(z))z Cusdzz Dues - / Cuesf/ (Z)g(Z) dZ,
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a ~b ~b Abl ~b2 ADb3
Div={ €} & e}, (CuCiCi)= [ Culzfl2)g @)z,
—h/2
h/2 h/2
2
D, = / (g/ (Z)) Cebdzr Des = / (g (Z))z Cesdz, Dy = Dz;eb/ Deys = DZZes/
—h/2 —h/2

(23)
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where f" (z) = dC{Z(ZZ).
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The virtual work performed by the Winkler—Pasternak foundation and external elec-
tric voltage are defined as follows

_ TNne _ ] wi e_o|enVo 0
SW, = /5NgN NodQ, N, = { o } N =2 [ AL ]
o (24)
oW = = [ (ko — k%) bwd0),
(@)

where V is the gradient operator; ks and k,, are the shear and spring coefficients of the
elastic foundation, respectively.

Inserting the necessary expressions into Eq. (14), the governing equation of the FGPP
microplate is described as follows

/555 (Dubéb - DuebEb) dQ + /583 (Dusgs - DuesEs> dQ
@) @)
— / OE] (DeupEp + DpEp) dQ — / OE! (Deyses + DesEs) dQ
@) Q
n / 5xTD, T, 0%, dQ + / 5xTDyTysx,dQ + / 57D, ZdO 5)
@) (@) (@)
+ / 61t DL gepiydQ + / 71T D ges T e, dQ + / s’ miédO
O @) Q
+ [ (K 7%w) 6wdQ — [ SNINNgdr = 0.
@) 0O

2.3. Isogeometric approximation

The approximation of electric and displacement fields based on NURBS basis func-
tions is given as follows [29]

mxn mxn

¢" (v y) = ; Ne (%,y) e, u"(x,y) = Y Ne(x,y)d,,

e=1

10000 U
01000 o (26)
where N, (x,y) = 0 0 1 0 0 | Ne(x,y), de=< we o,
00010 Bre
00001 Bye

where NURBS basis functions are symbolized by N, (x, y).
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The electric field and strain tensors in Eq. (23), based on the approximation (26), are
reformulated as follows

mxn mxn mxn Bble mxn mxn
E, = E Bcpbeq)e/ Es = E Byse@e, & = By pde = Z Bped,, & = E Bsd,,
e=1 e=1 e=1 BbBE e= e=1
(27)
where
_ 0 _ _N _ Ne,x O O 0 0
Bq)be— 0 ’ Bcpse:{ _Ne,x }/ By = 0 Ne,y 0 0 O0[,
—N, ey Ney Nex 0 0 0
0 0 Nexx 0 O 000 Ny O 28)
Bbze —_— O O Nelyy 0 O 7 Bbse — 0 O 0 0 Ng/y 7
0 0 2Ngyy 0 O 00 0 Ny Nex
B 0 00 N, O
*710 00 0 N,
Similarly, the tensors x, , and # are rewritten using Eq. (26) as follows
mxn
§ { 7, 0, L §4 Z { dez dzl dll dzl } d, = Z Bd”de,
T bl pb2 ke
=1 Xw X} = Z { B By } d. = Z Bped.,
e=1
T mxn mxn
7_(5 :{ X1s Xo2s Xss } = E { Big Bf’g Bf’s } d - 2 Brsede, (29)
e=1
mxn mxn deb
By={ My T T Ty } = Z { B B B BY } d. = Z B, "d,,
mxn mxn des
Bo={ M, 7 } = Z{Bd” B ) do= ) Bd,,
e=1
where
0 0 Ne,xy 0 0 0 0O 0 —2N, x
gt 1100 Ny 00| b 11000 2N, 0
#7200 0 Nyyy—Nexx 0 0|77 4[0 00 Ny —Ney |
0 O O 0 O O O 0 _zNe,y ZNe,x
le 1 _Ne,xy Ne,xx 0 00 B52 1 000 _Nexy Ne,xx
" 4| ~Neyy Newy 00 07 " 74,0 0 0 —Neyy Nowy |’
N, N, 0 00
BS3:1 0 00 0 _Ng,y Bdll — NE,xx NE,xy 0 00
re 4 O 0 0 Ngx O 7 Ple e,xy eyy 7
’ 0 0 Ne,xx_Ney]/ 00
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. 00 Ne,xxx+Ne,xyy 00 00O Ne,xx Ne,xy
Bl — _ { 0 0 Neyyy+ Nexry 0 0 ] Bail — [0 0 0 Nexy Neyy ]
0 0 0 0 0 000 O 0
000 0 0
Bil=1000 0 0 |,
0 0 0 Nex Ny
I 6Ne,xx_3Ne,yy _6Ne,xy 0 O 0-
—6N,xy 6Neyy —3Nexx 0 0 0
gieb _ L | —3Nexy +4Neyy 8N,y 000
le. ™ 15 8Ne vy —3Neyy +4Nexx 0 0 0 |7
—3Nexx — Noyy —2N, vy 000
I —2N, vy —3Neyy — Nexx 0 0 0 |
[0 0 0 3N, 0 ]
000 0 -3N,
glb _ L [0 00 —-N. 0
% "95/000 0 —N, |’
0 0 0 4N, 0
000 0 4N,
-0 0 3Ne,xx+3Ne,yy 0 0 0 0 O —6Ne,x —6Ne,y
Bles — 110 0 —4Nexy+Neyy 0 0 gls _ L [0 0 0 B8Ny —2N,
150 0 —4Ngyy+Nexx 0 0 |7 72 15[ 0 0 0 —2Ne»r 8Ny
100 —5Nexy 0 0 000 5Ny 5Ny

Besides, according to Eq. (26), the vectors @t and N, take the following form

mxn Nle mxn mxn
l_,l = Z NZE de — Z Nede, Ng - 2 Bgede/ (31)
e=1 N3, e=1 e=1
where
N 0 O 0O 0 0 Ny 00O
Ni. = 0O No 0 00|, Ngg=—=[00 Ny 0 01,
0 0 N. OO 00 O 00O
r 0 00 N O (32)
¢ 0 0 Ny 0O
N3g — 0 0 O O Ng , Bge = O 0 N, 0 0
(000 0 0 e

The weak form describing the vibrational behavior of the FGPP microplate is given by
(K—w*™)d=0, (33)

where K and M denote the global stiffness and mass matrices, respectively, as expressed
below
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O
K, = / BID,,B,dO + / B7D,.B,dO + / B.D,,T,,B,,dQ + / B7D,.T,sB,.dO
Q Q Q

Q
T _ T ~ T
n (del) Ddledzl o + / (Bdeb) DdebrdedeEb 4o + / (Bdes> DdesrdesBdgs do
Q Q

Q
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where w and d represent the natural frequency and mode shapes, respectively.

3. NUMERICAL RESULTS

Free vibration response of the FGPP microplate with dimensions a x b and thick-
ness h are analyzed in this subsection. The microplate is made of PZT-4 with material
parameters given by ref. [29] and presented in Table 2. In the numerical investigation,
all three LSPs are considered the same (I = I; = I, = I3), following the approach in [1].
Subsequently, the dimensionless parameters for the FGPP microplates are provided as
follows

a*ky, K — @
ER3’ °°  ER¥

The plate edges are subjected to mixed boundary conditions (BCs), including clamped
(C) and simply supported (S) types. The BCs are presented as follows

888S: (v, w,By)|,0. =0 (0w, Bx)l,p =0
CCCC: (1, 0,w,Wn, Br, By) | c—g g0 = O (36)
SCSC: (U, w, ,By) ‘x:O,a =0, (u/ 0,W, W, ‘BX’ ﬁy) ‘y:O,h =0

. wa?
W= T\/pPZT—4/EPZT—4/ Ky = (35)

To begin with, the free vibration of an FGP piezoelectric plate (I = 0), consisting of
PZT-4 and PZT-5H materials with material parameters tabulated in Table 2, is examined
to validate the reliability of the present model. The frequency results () obtained in this
study are compared with the corresponding values reported in [29] based on RPT and
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Table 2. The material parameters of the FGP piezoelectric plate [29]

Properties PZT-4 PZT-5H
C11 =Cx = 138.499, C11 =Cx = 99.201,
C1p = 77.371, C1p = 54.016,
. - c13 = 73.643, c13 = 50.778,
Elastic coefficients (GPa) cxs = 114.745, C3a = 86.856,
C55 = 256, C55 = 21.1,
Ce6 = 30.6 Ce6 = 22.6
€31 = —5.2, €31 = —7.209,
Piezoelectric coefficients (Cm’z) e33 = 15.08, ez = 15.118,
e15 = 12.72 €15 = 12.322
k11 =1.306 k11 =1.53
. . . -9 ~2__—2n7—1 11 , 11 ,
Dielectric coefficients (1077 C*m™ "N ") kss = 1.115 kss = 1.5
Density (kgm ) p = 7600 p = 7750

analytical methods for perfect and imperfect FGP piezoelectric plates, and the outcomes
are listed in Table 3. Table 3 reveals that the computed results are highly consistent with
the published findings. Additionally, a mesh sensitivity analysis is performed using three
IGA mesh densities (9x9, 11x11, and 13x13) to evaluate convergence, revealing that the
11x11 mesh achieves an optimal balance between accuracy and computational cost, and
is therefore adopted for all subsequent analyses. Next, the free vibration of the metal
foam microplate with material parameters are taken from Ref. [30] (E; = 200 GPa, v; =

0.33, p1 = 7850 kg/ m?) is examined, and the first normalized frequency w = why/p; / Eq
is presented in Table 4. The results are compared with the corresponding values reported
in [30], which were derived using RPT, MSGT, and IGA. As seen in Table 4, the computed
results exhibit excellent agreement with the published values. Comparison results in
Tables 3 and 4 show that the proposed model provides accurate and consistent results in
the investigation of the free vibration behavior of FGPP microplates.

Table 3. The lowest normalized frequency of the FGP piezoelectric square plate with different
external electric voltage under SSSS boundaries (a/h = 100, [ =0, Ky, = Ks = 0)

p
« Vo (V) Mesh 0.2 1 5

Present Ref.[29] Present Ref.[29] Present Ref.[29]

0 -500 9x9 620649 6.20555 6.00371 6.00294 5.85519  5.85444
11 x 11  6.20648 6.00371 5.85518
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a Vo(V) Mesh 0.2 1 5
Present Ref.[29] Present Ref.[29] Present Ref.[29]
13 x13  6.20648 6.00370 5.85518
0 9x9 6.03124 6.03027 5.81868 5.81787 5.66199 5.66120
11 x11  6.03123 5.81867 5.66199
13 x13 6.03123 5.81866 5.66198
500 9x9 585074 5.84974 5.62755 5.62671 546197 5.46113
11 x11 5.85073 5.62755 5.46196
13 x13 5.85073 5.62755 5.46196
0.2 —500 9x9 624911 6.24814 599179 599103 5.80577 5.80503
11 x 11 6.24910 5.99178 5.80576
13 x 13  6.24910 5.99178 5.80576
0 9x9 6.07613 6.07512 5.80651 5.80571 5.61032 5.60954
11 x11  6.07612 5.80650 5.61031
13 x13  6.07612 5.80650 5.61031
500 9x9 589807 5.89704 5.61512 5.61429 5.40781 5.40698
11 x 11 5.89807 5.61511 5.40781
13 x 13 5.89806 5.61511 5.40780

Table 4. The first normalized frequency of the metal foam microplate with various
length-to-thickness ratios (¢g = 0.2, a/h = 10)

[/h
BCs  Porosity distribution =~ Theory /
0 0.1 0.2 0.5 1

SSSS Uniform Present 0.0562 0.0602 0.0706 0.1206 0.2206
Ref. [30] 0.0562 0.0601 0.0706 0.1203 0.2196

Symmetric Present 0.0579 0.0618 0.0721 0.1218 0.2220

Ref. [30] 0.0579 0.0617 0.0720 0.1215 0.2212

Asymmetric Present 0.0565 0.0604 0.0709 0.1209 0.2211

Ref. [30] 0.0565 0.0604 0.0708 0.1206 0.2202

CCCC Uniform Present 0.0963 0.1033 0.1220 0.2100 0.3851
Ref. [30] 0.0971 0.1042 0.1227 0.2102 0.3843

Symmetric Present 0.0986 0.1056 0.1243 0.2129 0.3898

Ref. [30] 0.0995 0.1065 0.1250 0.2131 0.3892

Asymmetric Present 0.0967 0.1037 0.1224 0.2108 0.3864

Ref. [30] 0.0976 0.1046 0.1232 0.2109 0.3857
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We now examine the free vibrational response of the FGPP microplates under the
impact of the scale-to-thickness ratio, porosity coefficients, porosity distributions, exter-
nal electric voltage, shear and spring coefficients, and BCs. The lowest six dimensionless
natural frequencies (@) of the SSSS and CCCC FGPP microplates, under the impact of
the porosity coefficient and porosity distribution, are expressed in Tables 5 and 6, respec-
tively. The results indicate that increasing the porosity coefficient results in a decline in
the FGPP microplate’s frequencies. The FGPP microplate with a D-I porosity pattern pro-
vides the highest frequencies, while the microplate with a D-II porosity pattern provides
the lowest. Fig. 2 illustrates the first normalized frequency of the FGPP square microplate
under the scale-to-thickness ratio (I /h) impact. The findings reveal that increasing the [ /h
ratio increases the vibrational stiffness of the FGPP microplate. Furthermore, the CCCC
configuration produces the highest natural frequencies among the considered boundary
conditions, while the SSSS configuration yields the lowest. The impact of the external

Table 5. The first six dimensionless natural frequencies of the SSSS FGPP microplates with dif-
ferent porosity coefficients and porosity distributions (a/h = 10,I/h = 0.1, Vj = —100 V,
Kw - 2, KS == 0.1)

Porosity 1o 4e ¢
distribution 0.1 02 03 0.4 05 0.6
D-I 64754 64604 64484 64404 64376 64415

149939 14.8983 14.8000 14.6976  14.5895 14.4723
149939 14.8983 14.8000 14.6976 14.5895 14.4723
23.0037  22.8025 225871 223529 22.0925 21.7950
28.0999 27.8185 27.5134 271771 26.7983  26.3598
28.1008 27.8194 275144 27.1781 26.7993  26.3609

D-II 6.2871 6.0672 5.8324 5.5826 5.3216 5.0661
14.5360 14.0859 13.5152 12.8917 12.2192 11.5343
14.5360 14.0859 13.5152 12.8917 122192 11.5343
27.5627 26.6737 25.6802 24.5677 23.3361 22.0492
27.5635 26.6744 25.6809 245682 23.3364 22.0493
D-1II 6.4068 6.3164 6.2211 6.1202 6.0126 5.8969

14.8553  14.6096 14.3479 14.0676 13.7645 13.4325
14.8553 14.6096 14.3479 14.0676 13.7645 13.4325
22.8280 22.4398 22.0258 21.5816  21.0999  20.5709
279119 274334 269229 26.3747 25.7800 25.1262

1
2
3
4
5
6
1
2
3
4 225070  21.7493 209096 19.9776 19.3031 19.1054
5
6
1
2
3
4
5
6 279128 274343 269237 26.3755 25.7808 25.1270
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electric voltage (Vp) on the lowest normalized frequency of the FGPP square microplate
is examined, and the results are shown in Fig. 3. As depicted, an increase in the electric
voltage decreases the FGPP microplate’s vibrational frequency. This is attributed to the
induced tensile stresses from the applied voltage, which decrease the effective stiffness of
the piezoelectric microplate through electromechanical coupling. Fig. 4 plots the varia-
tion of the first normalized natural frequency for a uniform FGPP microplate subjected to
different elastic foundation spring and shear coefficients. As observed in Fig. 4, as spring
and shear coefficients increase, the FGPP microplate’s vibrational stiffness also grows.
Finally, the influence of the length-to-thickness ratio on the first normalized frequency of
the FGPP microplates under various BCs is investigated, and the results are presented
in Fig. 5. As seen in Fig. 5, the vibrational stiffness of the FGPP microplate is enhanced
when the a/h ratio increases.

Table 6. The first six dimensionless natural frequencies of the CCCC FGPP microplates with
different porosity coefficients and porosity distributions (a/h = 10,I/h = 0.1,V = =100V,
Ky =2,Ks =0.1)

1 e
.POFOSIt.y Mode
distribution 0.1 0.2 03 0.4 05 06
D-I 10.8041 107194 10.6298 105338 10.4290 10.3120

20.6539  20.4150 20.1542 19.8652 19.5390 19.1625
20.6539  20.4150 20.1542 19.8652 19.5390 19.1625
29.1978 287995 28.3611 27.8714 273152 26.6707
34.6491 34.1296 33.5551 329110 321773 31.3261
349201 344010 33.8270 33.1832 32.4495 31.5975

D-II 10.5676  10.2191 9.8347 9.4099 8.9459 8.4669
20.3385 19.7369 19.0571 18.2853 17.4169 16.4929
20.3385 19.7369 19.0571 18.2853 17.4169 16.4929
28.8766  28.0963 27.2006 26.1655 249788  23.6943
34.3685 33.5006 32.4918 31.3098 299360 28.4312
34.6254 33.7426 327175 31.5181 30.1260  28.6034
D-III 10.7201  10.5454 10.3597 10.1609 9.9463 9.7115

20.5455 20.1955 19.8223 19.4217 189873 18.5102
20.5455 20.1955 19.8223 19.4217 189873 18.5102
29.0917 28.5905 28.0555 27.4809 26.8573 26.1714
345613 339633 33.3249 32.6390 31.8943 31.0748
34.8272  34.2243 33.5807 32.8891 32.1382 31.3119

NUT s ORI ONOT B WD R [ONU s WN -




20 L. T. Phong, P. T. Hung

30

[
wn

(5]
(=]
T

First normalized natural frequency

Fig. 2. The influence of the scale-to-thickness ratio on the lowest non-dimensional vibrational
frequency of the FGPP microplates with various BCs (D-1, a/h = 10,¢p = 0.1, Vp = 100 V, Ky, =
2,Ks =0.1)
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Fig. 3. The impact of the parameter V} on the first non-dimensional frequency of the FGPP
microplate (D-1I, a/h = 30,1/h = 0.2,¢9 = 0.2, Ky, = 2,K; = 0.1)
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Fig. 4. The influence of the spring coefficient on the lowest non-dimensional frequency of the
FGPP microplate with various shear coefficients (D-III, a/h = 20,1/h = 0.3,eg = 0.3, Vj = 50 V)
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Fig. 5. The influence of the length-to-thickness ratio on the lowest non-dimensional frequency of
the FGPP microplates (D-III, [ /h = 0.3,e0 = 0.3, V) =50V, Ky, = 2,Ks = 0.1)

4. CONCLUSION

This study investigates the free vibration characteristics of the FGPP microplates
with various porosity distributions using IGA combined with MSGT and HSDT. The
governing equations are explicitly derived based on variational principles. The anal-
ysis focuses on the effects of porosity distribution, porosity coefficient, LSPs, external
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electric voltage, and geometries on the natural frequencies of the FGPP microplates. The
findings show that increasing the scale-to-thickness ratio leads to growth in the natural
frequency. The stiffness of the FGPP microplates decreases as the porosity coefficient in-
creases. The D-I distribution offers the highest stiffness among the examined porosity
distributions, while the D-II distribution results in the lowest. Additionally, increasing
the shear and spring parameters of the Winkler—Pasternak elastic foundation significantly
raises the natural frequencies of the FGPP microplate. An increase in the initial electric
voltage decreases the FGPP microplate’s stiffness. The CCCC boundary condition yields
the highest natural frequencies, whereas the SSSS condition results in the lowest values.
Finally, an increase in the length-to-thickness ratio enhances the vibrational stiffness of
the FGPP microplate. The results provide practical guidelines for tuning material grada-
tion, porosity design, and electromechanical parameters to optimize the performance of
FGPP microplate-based MEMS and microsystem devices.
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